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^ 1 Introduction 

6p! In [SliYl] , we introduced the concept of bi-Ricci curvature and initiated the study of 

manifolds of positive bi-Ricci curvature. We obtained a size estimate for stable mini- 
' mal hypersurfaces in 3, 4 and 5 dimensional manifolds of positive bi-Ricci curvature. 

^ ■ As a consequence, a homology radius estimate for the manifolds was derived. 

. In the present paper, we obtain a number of results regarding bi-Ricci curvature. 

First, we extend the size estimate in [ShYl] to six or less dimensional manifolds of 
positive harmonic bi-Ricci curvature. Here, "harmonic bi-Ricci curvature" is a variant 
of bi-Ricci curvature. Indeed, it is one of the "weighted bi-Ricci curvatures" . 

The above extension is achieved by choosing a certain conformal factor in our 
computations to be more general than in [ShYl]. On the other hand, we adopt a 
strategy for deriving our size estimates which somewhat differs from that in [ShYl]. 
Indeed, we first introduce the concept of "conformal Ricci curvature", and present a 
generalized Bonnet-Myers theorem about manifolds of positive conformal Ricci cur- 
vature. The desired size estimates for stable minimal hypersurfaces then follow as a 
consequence of this theorem (or its underlying estimate). This way, a general geo- 
metric background for the topic of bi-Ricci curvature can be seen. We expect further 
applications of the generalized Bonnet-Myers theorem. (See [ShY2] for some closely 
related results on Riemannian and Lorentzian warped products and their applications 
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to general relativity.) On the other hand, we view conformal Ricci curvature as an 
interesting independent subject. 

As the second topic of this paper, we derive more geometric and topological conse- 
quences of positive (harmonic) bi-Ricci curvatures. On the other hand, we show that 
connected sums of manifolds of positive bi-Ricci curvatures admit metrics of positive 
bi-Ricci curvatures. (Note that similar connected sum theorems hold for scalar curva- 
ture [ScY]. [GL] and isotropy curvature [H], [MW].) It remains to be investigated how 
a general topological classification scheme for manifolds of positive bi-Ricci curvature 
should proceed. But our topological results already provide substantial information. 

Note that besides its own interest, the subject of positive bi-Ricci curvature has 
the potential use of providing new information on positive sectional curvature. This 
is suggested e.g. by Observation 2 in the sequel. We hope to be able to report on 
this in the near future. 

The last topic of this paper is extension of our techniques to minimal surfaces of 
higher codimensions. Diameter estimates are derived for 2-dimensional stable min- 
imal surfaces in spaces of dimensions up to 9, and 3-dimensional stable minimal 
surfaces in spaces of dimension 5, under suitable positive CTirvature assumptions and 
an " almost flatness" condition on the normal bundle. Currently, we are trying to find 
ways to handle this almost flatness condition. We believe that further understanding 
of positive curvatures can be achieved this way. 

Acknowledgement: We would like to thank Prof. R. Schoen for encouragement and 
stimulating discussions. 

2 Conformal Ricci curvature 

We start with the following deflnition. 

Definition 1 Let {N, h) be a Riemannian manifold of dimension n with metric h. For 
a positive smooth function f on N and a positive constant a we deflnc the conformal 
Ricci tensor of N associated with the conformal factor / and the weight a to be 

Ric^f'^^ = Ric - a{f-^Af)h. (2.1) 

The conformal Ricci curvature (associated with conformal factor / and weight a) in 
the direction of a unit tangent vector v is then defined to be Ric'^^'^^v^v). We say 
that {N, h) has positive conformal Ricci curvature if there is a conformal factor / and 
a weight a such that the conformal Ricci tensor Ric^^''^^ is positive definite. 

A more general version of this definition will be given in the last section. The 
terminology in this definition is motivated by the transformation laws for Ricci cur- 
vature and scalar curvature under conformal change of metric. Let 77 be a positive 
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smooth function on N and h — rfh the corresponding conformal metric. The said 
transformation laws are (see e.g. [B]) 



Ric = Ric - {A\nr])h - {n - 2){Vd{\nr]) - din 77 ® din 77) - (n - 2)\V \nr]\'^h, (2.2) 
and 

R = r]-^(R - 2(n - l)A\nr] - (n - l)(n - 2)\V\nr]\^), (2.3) 

where Ric = Ricj^, R = Rj^ {R denotes the scalar curvature of /i), and A is the trace 
Laplacian. If we set r] = pl'<^-'^\ then (as is well-known) 

^ = r^/("-^)(i?-l^^/-^A/). 

This is precisely the trace of the conformal Ricci tensor R%c^^-'^^'^~^^l^'^'~'^y) with respect 
to the conformal metric j'^l^^~'^^h. 

Using (2.2), we can obtain another expression for conformal Ricci curvature. For 
given / and cr, set h — P'^h. Let be a unit tangent vector with respect to h. 
Consider the geodesic 7 with respect to h which has v = f~^v as the initial tangent 
vector. Let 7 = 7(5) be the reparametrization of 7 which has unit speed measured in 
h. It is easy to see that the geodesic equation for 7 can be rewritten as follows 

where the ± denotes the projection to the orthogonal complement of Using this 
equation we derive 

Combining this with (2.2) (setting rj — p there) then yields 

Ric{v, v) = Ric{v, v) - Alnf" - {n- 2)^-^^, (2.5) 



whence 



r\2 1 J? 

Ric^f'''\v,v) = Ric{v,v) + {n - 2)a—-^ - a\V In fl"^. (2.6) 
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Theorem 1 {generalized Bonnet-Myers theorem) Let {N, h) be connected and com- 
plete. Assume that there are a conformal factor f and weight a, along with positive 
constants k, e, such that 

i?ic(-^''^)(^,^) + ^|Vln/|2- (^^^^^ + a(n)£)(7>ln/p > k (2.7) 

for all unit tangent vectors v, where a(3) = 0, a{n) — 1 forn ^ 3. Then N is compact. 
Indeed, we have 



diam{N,h) <^n-l+ ^ (2.8) 

Consequently, the universal cover of N is also compact, and hence N has finite 
fundamental group. 

Corollary 1 Assume that for a factor f and a weight a < (a < if n = 3), 
along with a positive constant k, there holds 

Ric^f'''\v,v)> K. (2.9) 

Then N is compact and has finite fundamental group. Indeed, we have 



diam{N, h) < 

if a < , and 

•' n—l ' 



.n-l + P^^. (2.10) 



diam{N,h) < Vn - 1^ (2.11) 



if crleq:^^ and n — 2). 

Prom the viewpoint of applications, the following more general version of Theorem 
1 is noteworthy. 

Theorem l' If we replace the constant k in the condition (2.7) of Theorem 1 by the 
following quantity 



1 + dist{-,poy 



(2.12) 



for positive constants k, 6 with 6 < 2 and a point po G A^, then we can still conclude 
that N is compact and has finite fundamental group. The diameter of {N, h) can be 
estimated as follows 

diamiN, h) < 2e-\(n - 1 + ^ , ' )—), 



where 9 is the increasing function 

9{t) 



t" 



l + t^' 
Similarly, we have 

Corollary l' // we replace the curvature condition in Corollary 1 by the following 

Ric^f^''\v,v)> (2.13) 

^ ' > - l + dist{-,poy ^ ' 

for positive constants k, S with S < 2 and a point po G A^, then we can still conclude 
that N is compact and has finite fundamental group. There holds 



diam{N, h) < 2e-\{n - 1 + } , )— ) (2.14) 



if(^< and 

diam{N, h) < 2e-\{n - 1)—). (2.15) 

K 

if crleq:^^ and n — ?>. 

Remark 1 The classic Bonnet-Myers theorem follows from Theorem 1 by taking 
/ = 1, (7 = 1 and e arbitarily large. 

For convenience, we formulate two lemmas from which Theorem 1 will follow. 
Consider a general manifold (A^, h). a conformal factor /, a weight a and the associ- 
ated conformal metric h = f'^"h. Let 7 be a unit speed geodesic in with repect to 
h and 7 : [0, 1] ^ A?^ its reparametrization which has unit speed measured in h. 

Lemma 1 Assume that 7 minimizes length up to second order measured in h while 
its endpoints are kept fixed. Then we have 

n-1 f .^.dhif ^ f dcjydlnf 



> 



J (f)'^Ric^f'''\v,v) + 0^|Vln/'^ 



ds ds 

2 



for all smooth functions on [0, /] with zero boundary values, where the element ds 
in the integrals is omitted. 

Proof By the assumption on 7, there holds 
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" / - / '^'^^^^(||)^«~ (2-16) 



where is an arbitrary smooth function on [0, /] with zero boundary values. 
Setting T] = and applying (2.6) we infer 



If we replace by (prj^^"^, then this inequality becomes 

Applying the following identity we then arrive at the desired inequality 

Jo ds^ Jo 



ds ds 



□ 



Lemma 2 Let 7 satisfy the condition in Lemma 1 and 7 : [0, /] — >• be as before. If 
the curvature condition (2.7) holds, then the inequality (2.8) holds with diam{N,h) 
replaced by I. Consequently, if the curvature condition (2.9) holds with a < 
(a < if n = 3), then the inequality (2.10) ((2.11), if aleq^^ and n — 3) holds 
with diam{N, h) replaced by I. 

Lemma 2' Let 7 and 7 be as above. If the curvature condition (2.1) holds with n 
replaced by (2.12) (with 5 <2), then we have 

'<'';(-o,((»-i + ^)^). 

where 

e,{t) 



1 + {distipo,p)+ty' 



Similarly, if the curvature condition (2.13) holds, then the inequality (2.14) (if cr < 
or (2.15) (if crleq:^ and n — 3) holds with diam{N, h) replaced by I, 6 replaced 
by ^-y(o) ; and the factor 2 removed. 
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With slight modifications, the following proof also applies to Lemma 2'. We leave 
the details to the reader. 

Proof of Lemma 2 Applying Lemma 1 and the assumption on the conformal Ricci 
curvature we deduce 

If n = 3, this implies 




Choosing = sin ys we then deduce 

In -I 
V n 

If n 3, we apply Yang's inequality and deduce 
which leads to the desired estimate. 

□ 

Proof of Theorem 1 Let p be a point in A^. Consider an arbitary r > such that 
the boundary dB^ip) of the geodesic ball -Br(p) with respect to h is nonempty. We 
can find a minimizing geodesic 7 with respect to which runs from p to dBr{p). Let 
7 : [0, Z] — > A" be its reparametrization which has unit speed measured in h. Since 
r < I, and p, r are arbitary, Lemma 2 implies the desired diameter estimate. 

□ 

Proof of Theorem l' We choose p = Pq m the above proof (replacing Lemma 2 by 
Lemma 2'. For arbitary p,q & N we then use the triangular inequality to estimate 
dist(p, q). 

□ 



3 Minimal hypersurfaces 

In this section, we apply Theorem 1 and Theorem l' (or Lemma 2 and Lemma 2') 
to study stable minimal hypersurfaces in a Riemannian manifold. Let (M, g) be a 
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Riemannian manifold of dimension m — n + 1 with metric g. Consider a smoothly 
immersed minimal hypersurface S <Z M and a bounded domain Q in 5" such that 

_ o 

G S- The Jacobi operator L associated with the second variation of area for S is 
given by 

= -A50 - - i?ic(z/)0, (3.1) 

where u denotes a unit normal of S, A the second fundamental form of S and a 
smooth function on S. Let A = An be the first eigenvalue of L on ^2 for the Dirichlet 
boundary value problem, and / a corresponding nonnegative first eigenf unction, i.e. 
Lf = A/. Then / > in fi. Wc consider the Riemannian manifold N = Q with 
metric h — g\s- Choosing the eigenfunction / as the conformal factor and an arbitary 
weight a, we proceed to compute conformal Ricci curvature Ricg"\, where we use 
the subscript S to distinguish from the Ricci tensor Ric of {M,g). 

Computing at a fixed point, we choose an orthonormal tangent base ei, ...,en+i 
such that e„+i = u and A is diagonalized in the base ei, e„. For an arbitary unit 
tangent vector v oi S at this point, we write 

l<i<n 

Then there holds 

Rics{v) ^Yaiaj{Rics)ij. 
Applying the Gauss equation and the minimality of S", we deduce 

{Rics)ij = ^ Rikjk + {AijAkk — AikAjk) 

l<k<n l<k<n 

— -Rjj Rifi-^-ijfi-^-i 5ijAiiAjj, 
where Rijki is the Riemann curvature tenor of M. It follows that 

Ricsiv)^Riciv)-Kiv,u)- Yl <^1AI (3-2) 

l<i<n 

where for linearly independent tangent vectors Vi,V2 at the same point of M, K(vi, V2) 
denotes the sectional curvature of M determined by the plane spanned by Vi and V2- 
On the other hand, by the choice of /, we have 

-r'Asf^Ric{u) + \A\' + X. 

Hence we arrive at 

Lemma 3 The conformal Ricci curvature of {D,,g\s) in the direction of v is given by 
Ricf''\v,v) = Ric{v) + aRic{u) - K{v,u) + a\Af - ^ a^^Af- + aX. 

l<i<n 
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Lemma 4 The following inequality holds 

Consequently, we have 

Ricf''\v, v) > Ric{v) + aRic{u) - K{v, v) + aA, 
provided that a > {n — l)/n. 

Proof By the minimality of 5", we have 

^11 + ... + 0. 
Applying Cauchy-Schwarz inequality we then derive 



for each i. Consequently, 



2 
33 

3¥^i 3¥^i 



Summing over i then yields 



2 

33' 

3i^i 



Since X^af = 1, adding (n — 1) I]a^/l| to both sides leads to the desired inequality. 

□ 

Definition 2 Let c be a positive number. For ordered orthogonal unit tangent 
vectors vi,V2 of M at the same point, we define the a -weighted bi-Ricci curvature of 
M in the direction of Vi, f 2 to be 

BaRc{vi,V2) = Ric{vi) + aRic{v2) - K{vi,V2). 

If (T = = then BrrRc is called the harmonic bi-Ricci curvature and denoted 
by BhRc. 

Definition 3 We set dS = {Urn pk : Pk & S, {pk} does not converge in S, but con- 
verges in M}. If dS = 0, we define diam{S,dS) to be diam S. Otherwise we define 
it to be sup{dist{p, dS) : p E S} 
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The following two theorems easily follow from Lemma 2, Lemma 2' and Lemma 
4. (If dS — 0, then they follow from Theorem 1, Theorem l' and Lemma 4.) 



Theorem 2 Let a satisfy {n — 1) / n < a < A/ {n — 1) ({n — l)/n < cr < 4/(n — 1) if 
n — 3, i.e. m — 4). Assume that M satisfies the curvature condition B^Rc > k for 
a constant k. If S is noncompact, then we require M to he complete. Moreover, we 
assume that S is connected and X{S) > —^^k, where 

— o 

X{S) = inf {An : fl is a bounded domain in S with Q G S}- 

Then 

diam{S,dS),dist{Q,d\Q) < c{n, a) . ^=, (3.3) 

where Q is an arbitary subset ofdS (ifQ ordS\Q is empty, then we set dist{Q, dS\Q) — 
0), and 



c{n, a) 



- 3)2 

n-l+ ^ ' 



if (J < while c{n,a) = \Jn — 1 if crleq:^ and n = 3. 

Consequently, if k. is positive, S is stable, connected and 2-sided (i.e. its normal 
bundle is orientable), then 

diam(S, dS), dist(Q, dS\Q) < c(n, a)^. (3.4) 



Remark 2 Note that the case of 1-weighted bi-Ricci curvature in dimensions m < 5 
and the case of harmonic bi-Ricci curvature in dimensions m < 6 are covered by 
Theorem 2. This remark holds for all the results below. 

Theorem 3 Assume that {n-l)/n<a < 4:/{n - 1) ( {n-l)/n<a < 4:/{n - 1) if 
m — A), and there holds 

B^Rc > ^ 



l + dist{-,poy 



for positive constants n, 6 with 6 < 2 and a point po G M. Let S be a connected, 
2-sided stable minimal hypersurface in M. If S is noncompact, then we require M to 
be complete. Then 

diam{S, dS) < sup{d-\'^^^!^^—^) -.pedS}, (3.5) 

K 
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dist{B, dS\B) < sup{e-\^ -.peB}, (3.6) 

K 

where B C dS. 

We have the following corollaries. 

Theorem 4 Assume that M satisfy the curvature condition in Theorem 3. Let S be a 
complete, 2-sided stable minimal hypersurface in M. Then S is compact. Moreover, 
its universal cover is also compact, and hence it has finite fundamental group. 

Theorem 5 Assume that M is an orientable, complete Riemannian manifold satisfy- 
ing the curvature condition in Theorem 3. Let F be a smoothly embedded submanifold 
of codimension 2 in M. If it is homologously zero and orientable, then it bounds a 
compact smooth area-minimizing hypersurface. 

Proof By known results in geometric measure theory, there is an smoothly embed- 
ded, orientable area-minimizing hypersurface with boundary F. (It is obtained by 
minimizing mass for integral currents with F as boundary. Since integarl currents 
are oriented, the resulting area-minimizing hypersurface is oriented.) Since M is 
orientable, it follows that S is 2-sided. Theorem 3 then implies that it is compact. 

□ 



4 Topological implications 

In this section we study topological implications of positive bi-Ricci curvature. First, 
for the convenience of the reader, we recall the following definition from [ShYl]: 

Definition 4 Let M be a Riemannian manifold and V a closed integral current (i.e. 
integer multiplicity rectifiable current) of codimension 2 in M (e.g. a finite union of 

closed, oriented submanifolds of codimension 2). (We only require V to have locally 
finite mass.) Assume that V is homologous to zero (in the class of integral currents 
of locally finite mass.) Then the homology radius of V is defined to be 

rH{y) — sup {r > 0, V is not homologous to zero in its r-neighborhood}. 

The homology radius rniM) of M is defined to be the superium of rij(V) over all V. 

We shall denote the support of an integral current V by suppY. 

Theorem 6 Let M be an orientable, complete manifold of dimension m such that 
B^Rc > K for a positive constant k and a weight a with {m — 2) / {m — 1) < a < 
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4/(m - 2) ({m - 2)/(m - 1) < cr < 4/(m - 2) ifm = 4:). Then 

rniM) < c{m-l,a)^. 

More generally, let M he an orientahle, metrically complete manifold of dimension 
m, possibly with boundary, such that the abvoe curvature condition holds. Let K be a 
subset of M containing DM and V an integral current of codimension 2 in M , such 
that [V] = m Hm-2{M, K) and dist {suppV^K) > c{m — l,a)^. Then V must 
bound in the c{m — 1, a) ^-neighborhood of suppV . 

Proof As in the proof of Theorem 5 (and in [ShlY]), we find a mass- minimizing 
integral current W with V as boundary. The interior S of supp W is then a smoothly 
embedded, orientable stable minimal hypersurface with OS = supp V. Applying 
Theorem 2 we then arrive at the desired conclusions. 

□ 



Definition 5 Let M be a noncompact manifold of dimension m. For 1 < A; < m — 1, 
let Hk{M)c denote the subgroup of Hk{M) generated by chains with compact sup- 
port. A class ^ e Hk{M)c is called a free class, provided that it can be reduced to 
Hk{M\Qj)c for a sequence of increasing domains Qj C M with compact closure such 
that M = UjQj. 

Theorem 7 Let M be an orientable, complete Riemannian manifold of dimension 
m satisfying the curvature condition in Theorem 3. Then there is no nontrivial free 
class in Hm-2{M)c. Consequently, if M is an orientable manifold of dimension m 

o 

with M — M, such that there is a nontrivial free class in Hm-2{M)c, then M carries 
no complete metric satisfying the curvature condition in Theorem 3. 

Corollary 2 If M is difjeomorphic to the interior of a compact manifold M with 
boundary such that the image of the inclusion Hm-2{dM) — > Hm-2{M) is nonzero, 
then M carries no complete metric satisfying the curvature condition in Theorem 3. 

Corollary 3 If M = M' x or M = M' x such that M' is an orientable 
Z-periodic manifold, then M carries no complete metric satisfying the curvature con- 
dition of Theorem 3. 

Proof of Theorem 7 Assume the contrary. Then we can find integral currents with 
compact support V and V^, A; = 1,2,..., such that neither of them is homologous 
to zero, each Yk is homologous to V, and dist{suppY, suppYk) oo. For each k, 
we can find a mass-minimizing integral current with boundary V — V^. One 
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connected component Sk of the interior of suppWk is a smoothly embedded, one- 
sided stable minimal hypersurfaces such that dSk = Qk ^ with Qk ^ ^ ^ 
and Qk C suppV,Tk C suppVk- Applying (3.6) in Theorem 3 we then arrive at a 
contradiction. 

□ 

Definition 6 We say that M e B, provided that M is a compact orientable manifold 

of dimension m such that 

(1) if M is a finite covering of M, then every nontrivial class in Hm-i{M) can be 
represented by a finite disjoint union of embedded, compact orientable hypersurfaces 
(with multiplicities) which have finite fundamental groups, 

(2) if M is a noncompact covering of M, then there is no nontrivial free class in 

Theorem 8 Let M he a compact, orientable m-dimenional manifold of positive har- 
monic bi-Ricci curvature with m < 6 (or positive 1-weighted bi-Ricci curvature with 
m < 5). Then M belongs to the class B. 

Since positive bi-Ricci curvatures imply positive scalar curvature, we note the fol- 
lowing additional topological implications of positive bi-Ricci curvatures for a compact 
manifold M of dimension m: 

(1) if m < 7, then M G Cm, where Cm is the class of manifolds introduced in [ScY2], 

(2) if M is spin, then its A-genus and Hitchin invariant vanish, 

(3) if m = 4 and (M) > 1 for one orientation of M, then the Seiberg-Witten in- 
variants of M (for that orientation) vanish (if (M) = 1, then the Seiberg-Witten 
invariants of M corresponding to the chamber of the given metric on M vanish) . 

The above results, along with the constructions of manifolds of positive bi-Ricci 
curvature in the next section, provide a basis for topological classification of manifolds 
of positive bi-Ricci curvatures in dimensions m < 6. 



5 Constructions 

We first make a few simple observations about the concept of bi-Ricci curvatures. 

Observation 1 Summing over an orthonormal base we see that positive (cr-weighted) 
bi-Ricci curvature implies positive scalar curvature. On the other hand, positive sec- 
tional curvature obviously implies positive bi-Ricci curvature. 

Observation 2 If M admits a metric with positive bi-Ricci curvature and positive 
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Ricci curvature (in particular, if M admits a metric with positive sectional curvature), 
then M X and M x admits a metric with positive bi-Ricci curvature. Taking 
known examples of manifolds with positive sectional curvature, we then obtain man- 
ifolds which admit metrics with positive cr-weighted bi-Ricci curvature for all a, but 
admit no metric with positive Ricci curvature. 

Next we present our result about connected sums. 

Theorem 9 Let Mi,M2 be two manifolds of the same dimension m > 3 such that 
they both admit metrics of positive a-weighted bi-Ricci curvature for the same weight 
a > 0. Then their connected sum Mi#M2 also admits metrics of positive a-weighted 
bi-Ricci curvature. Moreover, if Mi, M2 both admit metrics whose a-weighted bi-Ricci 
curvature is positive and satisfies a large scale condition (such as a growth condition), 
then Mijj^M2 also admits such metrics. 

This theorem clearly follows from Lemma 6 below. 

Lemma 5 Let {M,g) be a Riemannian manifold of dimension m > 3. Let p & M 
and B be a compact geodesic ball centered at p on which the a-weighted bi-Ricci cur- 
vature for a weight a > is positive. Then there is a positive number po with the 
following property. For arbitary positive numbers p < po and 5, there is a positive 
smooth function rj on M\{p} such that r]\M\B = 1 O'^d the conformal metric rfg has 
positive a-weighted bi-Ricci curvature on B. Moreover, measured in the norm and 
near r = (r is the distance to p), the conformal metric rj^g is uniformly within 5 
distance from the standard product metric on R"*" x S'^~^{p). Here S"^~^{p) denotes 
the round (m — l)-sphere of radius p > 0. 

Lemma 6 Let (M.g), a, k, p, B and po be as above. For arbitary positive number 
P < Po, there is a smooth metric on M\{p}, such that its a-weighted bi-Ricci cur- 
vature is positive on B\{p}, and near r — it coincides with the standard product 
metric on x S^~^{p). 

Proof of Lemma 5 We follow a scheme in [MiW] , where a connected sum theorem 
about positive isotropy curvature is proved. Set r = In?^. We would like to determine 
T so that the conformal metric g = rfg has the desired properties. We choose t — T{r). 
(We will make sure that r is smooth.) Then 

dr = r'dr, Vdr = T"dr ® dr + r'Vdr. 

Consider a unit tangent vector v = aci + b^, where Ci is a unit tangent vector 
perpendicular to ^. By (2.2) and the above formulas, we have 

Ric{v) = Ric{v) - t"(1 + (m - 2)b^) - r'Ar - (m - 2)aVVr(ei, ei) 
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-(m - 2)a2(T')' 

But V(ir(ei, ei) = l/r + 0(r),Ar = (m — l)/r + 0(r) for r small. Hence we have (for 
r small) 



Ric{v) = Ric{v) - r"(l + (m - 2)62) 
-T'((m - 1) + (m - 2)a2)(i + 0(r)) - (m - 2)a2(T')'. (5.1) 



To proceed, we choose r such that 



r' = (6.2) 

r 



for a function (j) which is to be determined. Then 



It follows that 



Ric{v) = i?ic(T;) + ^2(m - 2){a^ + ©(r^)) 

-(m - 2)a2^ + ^(1 + (m - 2)6^). (5.3) 

If w = 0162 + is another unit tangent vector such that 62 -L ^ and v ^-W^ then 
we have 

Ric{v) + aRic{w) = Ric{v) + aRic{w) + -^2(m - 2)(a2 + aa^ + 0(r2)) 

-(m - 2)(a2 + aaj)^ + ^(1 + (m - 2){b^ + abj). (5.4) 
On the other hand, the following law holds for Riemann curvature tensor (see [B]), 

e-'^^Rm = Rm- gO{VdT - dr ® dr + \\VT\^g), (5.5) 
where for symmetric 2-tensors A, S, 

(AOB)(ui,Wi, W2, W2) = A{vx,V'2)B{wx,W-2) + A{wx,W-2)B{vx,V'2) 

-A{yx, W2)B{wi, V2) - A{wi, V2)B{wi, V2). 

Simple computations then yield for v — e~'^v, w — e~'^w 

Rm{v, w, V, w) — K{v, w) — VdT{v, v) — VdT{w, w) 

+ \vTf + \wt\'^ -\Vt\'^. (5.6) 
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Consequently, 



Rm{v, w, V, w) = K{v, w) + ^2(a^ + a? - 1)(1 + 0{r^)) 



■^{a' + al) + ^{b' + bl). (5.7) 



Combining this with (5.4) we then deduce 



e^^B^Rc{v, w) = B^Rc{v, w) + ^2(1 - + (m - 3)a^ + (m - 2)(7a^ + 0(r^)) 

,2 I „„2\ „2 „2\ I /I 1,2 , qM,2 , o\^i,2\ 



6"^ 

~{{m - 2){a^ + aal) - a' - a{) + ^(1 - 6^ + (m - 3)6^ + (m - 2)ct6^)). 



Since 1 — + (m — 3)a^ + (m — 2)crai > min{l, a}{l — of + (m — 2)0^) > min{l, a}, 
this formula implies that 

1 6' 
e^^B^Rc{v, w) > B„Rc{v, w) + — (cq - Ci02)r2 + cij, (5.8) 

provided that r < Tq for a positive number tq and 0' < 0, where Cq = 'min{l,a}/2 
and ci = m + (m — 2)(T. Let k denote the minimum of B^Rc on B. We choose ro 
such that C B. Then we seek a nonincreasing (f) such that 

1 d' 
K+—(j){co-Ci(p) + Ci-^>0. (5.9) 

Consider the change of variables r = roe~* mapping the interval [0, 00) onto (0, ro] . 
Then (5.9) is equivalent to 

ciij' < nrle'"^* + ^(cq - Ci%l)) (5.10) 

with (j){s) — ip{roe~^) (we require ip' >0). Rescaling, we can reduce this to 

jjj' < cr'^r^e-'* + V(cr'co - V) (5.11) 

Observe that the solutions of the ODE ip' = ip{ci^co — ip) are given by 

Wcit) = — — 

l + ce'^i ^0* 

for arbitary constants c. For each positive number ti > 2 In 2, choose a smooth 
non-decreasing function /3 = /3t-^ such that /3(t) = for i < ln2,/3(i) = e*^! "^o* for 
21n2 < i < and P{t) = e^r'co(ti+i) for ^ > + 1. We set 

" 1 + cf3{t) ■ 
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Since k is positive, it is easy to see that for each ti, if we choose c = c{ti) to be small 
enough, then ip will satisfy the inequality (5.11) (and hence (5.10) after scaling). The 
corrsponding then satisfies (5.9), equals 1 near 0, and equals for r > ro/2. For 
this choice of 0, we have B^Rc > on 5. Furthermore, by (5.2), there holds 

g2rW^g2r(n)d, (5.12) 



r(rO = r ^ (5.13) 

where r\ — roe^^*^"'"^^. Since g is asymptotically euclidean at p, (5.12) implies that 
near r = or s = cxo under the tansformation s = — Inr, the conformal metric g 
approaches the metric e^'^^^^^fl{ds'^ + du)"^), where du)"^ denotes the metric of the unit 
sphere. But the latter is equivalent to the product metric on R"*" x S'^~^{p), where 
p — e'^^^'^Vi. One easily works out the explicit formula for p and shows that it can be 
made arbitarily small by choosing ti large. 

□ 

Proof of Lemma 6 We interpolate the product metric on R"*" x S^~^{p) with g. 

□ 



6 Minimal surfaces of higher codimensions 

First, we present an extension of the concept of conformal Ricci curvature and the 
generalized Bonnet-Myers theorem. Consider a Riemannian manifold {N, h) of di- 
mension n. 

Definition 7 Let A; be a natural number, fi,...,fk positive smooth functions on N 

and Oi, flfe positive numbers. The conformal Ricci tensor of (A^, h) associated with 
the conformal factor f = (/i, /fe) and weight a = (ai, a^) is defined to be 

Ric^^^^^^Ric-{J2f-'Af,)h. 



For a conformal factor f and a weight a, we consider the conformal metric h — 
y2ai . . . y2a,^ ^sing (2.5) with f replaced by = /f^ • • • f^'' we deduce 

Ric^^'^\v,v) = Ric{v,v) + {n- 2)^^ - \n f,\' (6.1) 
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for unit tangent vectors v, where we use a curve 7(5) in a similar way to the context of 
(2.5). Next let 7 : [0, Z] — > iV be a unit speed (measured in h) curve which minimizes 
length in h up to second order. Arguing as in the proof of Lemma 1 we infer 

^/^^«^""'(|;-l;'-/^^E^|vin/.i^). (6.2) 

Now, the arguments in the proof of Lemma 2 and Cauchy-Schwarz inequality lead to 

Lemma 7 Assume a = J20'i < (a < ifn = 3^ and Ric^^'^^ > k, for a positive 
constant k. Then we have 



I < 



if a < o,nd 



if a < and n = 3. 

•> — n— 1 



(n - 3)^ TT 

, n-1+4 (6.3) 



I < v^rn:- (6.4) 



Of course, all the statements in Lemma 2, Lemma 2', Theorem 2 and Theorem 2' 
can be extended to the present situation. We leave the details to the reader. 

Next let (M, g) be a Riemannian manifold of dimension m > n and 5" C M an 
immersed stable minimal surface of dimension n. We have the following formula for 
the second variation of area [Si] 

I{X) = / (5:|(Ve,X)^|2-^ <X,A(e,,e,-) >'-Y,Rm{ei,X,e,,X)), (6.5) 

v s 

where X is a normal vector field and {cj} a local orthonormal tangent base of ^S". 

— o 

Consider a bounded domain Vl such that C S and there is a smooth unit normal 
vector field p on 0. Choosing X = (pv m (6.1) we obtain 

/ (I V0p + 0^1 V^z/p - - e„ i/)02) > 

J s 

for all smooth functions with compact support in Q, where V"*" denotes the normal 
connection and A,^ = A-v. Let / be a positive (in f2) first eigcnfunction of the operator 
L0 = -A50 + I V^z/p0 - V - E i?m(ei, z/, e^, z/)0. Then Lf > 0. Consider the 
Riemannian manifold N = Q with metric g\s- We compute the conformal Ricci 
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curvature Ric^^''^\v,v) for a weight a and a unit tangent vector v. Choose local 
orthonormal normal frame Ua- Then we have by the Gauss equation 

Ricsiv) =^K{v,ei) ■A^^{ei,ei) -A^^{v,ei) ■ A^^{v,ei)). 

i a i 

For each fixed a, the quantity T,i{Ai,^{v,v) ■ Ai,^{ei,ei) - A^^{v,ei) ■ A^^{v,ei)) = 
— J2i Au^ {v, Ci) ■ Ay^ {v, Si) (by the minimality) is independent of the choice of Cj. We 
switch to a base {cjo,} to diagonalize A^,^. In this base, we have v — J2i(ii,aGi,a for 
suitable aj^^- It follows that 

Ricsiv) = ^ K{v, ei)-Y.Yl (^la^'^iei,a, ei,af. (6.6) 

i Oi i 

Applying Lemma 4 we arrive at 
Lemma 8 There holds 

+a\A,\'' - - a\V^iy\\ (6.7) 

n 

Now we assume that there is a global smooth orthonormal frame {I'a} for the 
normal bundle over Cl. For each u — i/^ we choose a positive first eigenfunction fa- 
Then we obtain 

Lemma 9 For f = (/i, fm-n) there holds 

i?ic(f'^) (v, v)>Y^ K{v, e,) + E ^«(E ^(^a' ^i)) 

i Oi i 

+ E^«I^^«I' - ^l>ir - E^alV^^J^ (6.8) 

a a 



We choose — cf for all a and a positive a. We can apply Lemma 7 and 

Lemma 9 to the situation (n — l)/n < cr < 4/ ((m — n){n ~ 1)) (or {n — l)/n < a < 
4/(m — n)(n — 1) if n = 3). There are two possible cases (besides the already treated 
casem = n + l): Case 1 n = 2, 4 < m < 9 and 1/2 < cr < 4/(m — n)); 
Case 2 n — 3,m — 5 and 2/3 < cr < 1. 
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Definition 8 Let p E M and F be a nontrivial proper subspace of TpM. For a unit 
tangent vector v &V and a positive weight a we set 



Ka{v,V) = Y,K{v,ei) + aY,K{ua,ei), 

i i,a 

where {cj} denotes an orthonormal base of V and {I'a} an orthonormal base of V-^. 
(This expression is indepedent of the choice of the bases.) 

We leave the version of the following result based on Lemma 2' (instead of Lemma 
2) to the reader. 

Proposition 1 Assume that we are in one of the above two cases. Moreover, assume 
that there is a positive constant k such that K^{v, V) > k for all V and v eV with 
dimV = n. Let S' be a connected domain of S such that the normal bundle of S' is 
fiat and trivial. More generally, assume that the normal bundle of S' admits a global 
orthonormal frame {^a} which is "almost flat" in the sense that 

J:\^^^c.(p)\'<(ct-- )|A|^ + e(l+ dist'(p,dS')) (6.9) 

Th 

for a positive constant e with 

^2 

e < (6.10) 

in Case 1, or 



e< „ " (6.11) 
Stt + 2k ^ ^ 



in Case 2. 

Then we have for Q C dS' 



diam{S',dS'),dist{Q,dS'\Q) < 
in Case 1, or 



[m 



2)a V27T 



\\ 4 - (m - 2)(7 y/K - 2e 



(6.12) 



diam(S', dS'), dist(Q, dS'\Q) < , (6.13) 

Vfi; — 2e 



in Case 2. 



Proof We prove the estimate for diam{S' , dS') in Case 2. The other estimate and 
case can be handled in a similar way. First assume that S' is bounded and S' C 
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S- Consider the positive first eigenfunctions fa on S' corresponding to Va and the 
associated conformal metric g = fl"^ ■ ■ ■ f^_ngs- For small t > 0, consider an arbitary 
connected subdomain VL in S' such that Q is contained in the interior of S' and 

dist{p, dS') < t for all p G dn. 



Set F = {p eVL : dist{p, dfl) < y ^ — t. We claim that F is open in f2. It suffices 
to show that no point in Q has distance — t to dVl. Assume the contrary and let 

p e has this distance to dQ. Let 7 be a minimizing geodesic from p to dfl with 
respect to the metric g and 7 : [0, /] — > its reparametrization with unit tangent 
vector measured in gs- By Lemma 7 and the almost flatness assumption, we deduce 
(a= ((7,...,(7)) 

Applying Lemma 7 we then infer 

271 rRT 
I < / < \ 7: te, 

provided that t is small enough. This is a contradiction. Since F is also closed, it 
follows that F = r2. Approximating S' by O we then obain the desired estimate. If 
S' is not bounded, we can approximate it by bounded domains. 

□ 



Remark 3 Wc can replace the term dist^{p, dfl) in (6.9) by other increasing func- 
tions of dist{p,dfl). Of ocurse, the requirements (6.10) and (6.11) on e will change 
accordingly. 

Remcirk 4 The triviality condition on the normal bundle in Proposition 1 is not 

so restrictive as it might appear at the first glance. Indeed, for example, if S is 
topologically a sphere, then S' = S\{p} for any p ^ S satisfies this condition. In 
contrast, the almost flatness condition is more serious. We would like to point out 
that if the normal curvature is small, then it is easy to construct almost flat frames 
in an injectivity domain of S. On the other hand, by the Ricci equation, small 
normal curvature follows from a suitbale pinching condition on the curvature tensor 
of M. As a consequence, some local size estimates for S can be derived under such 
a pinching condition. For example, we can deduce an upper bound for the conjugate 
radius at every point. By the Gauss equation, this implies an estimate for the second 
fundamental form in the case dimS — 2. Details wil be given elsewhere. 
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